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On an infinite interval [a,+∞[, we consider the problem on the existence of a solution (u1, u2) :
[a,+∞[→ R2 of the differential system

u
(m)
1 = f1(t, u2), u

(m)
2 = f2(t, u1), (1)

satisfying the boundary conditions

ϕk
(
u
(i−1)
1 (a), u

(m−i)
2 (a)

)
= 0 (k = 1, . . . ,m), Φm(u1, u2) < +∞, (2)

where fi : [a,+∞[×R→ R (i = 1, 2) and ϕk : R2 → R (k = 1, . . . ,m) are continuous functions and

Φm(u1, u2) =

+∞∫
a

(∣∣u(m)
1 (t)u2(t)

∣∣+
∣∣u(m)

2 (t)u1(t)
∣∣) dt.

Analogous problems arise in the oscillation theory and in the case, where f1(t, x) ≡ x, they
have been studied in [1, 2]. In a general case, problem (1), (2) remains still unstudied. The results
established by us fill to a certain extent the existing here gap.

We study the case in which the functions fi (i = 1, 2) on the set [a,+∞[×R satisfy the inequal-
ities

f1(t, x)x ≥ g1(t, x), (−1)m−1f2(t, x)x ≥ g2(t, x), (3)

where gi : [a,+∞[×R→ R (i = 1, 2) are continuous functions such that

gi(t, x) ≤ gi(t, y) for t ≥ a, xy ≥ 0, |x| < |y| (i = 1, 2),

b∫
a

|gi(t, 0)| dt < +∞ (i = 1, 2).
(4)

Along with (1), (2), we consider the auxiliary problem

u
(m)
1 = (1− λ)u2 + λf1(t, u2), u

(m)
2 = (−1)m−1(1− λ)u1 + λf2(t, u1), (5)

(1− λ)u
(k−1)
1 (a) + λϕ

(
u
(k−1)
1 (a), u

(m−k)
2 (a)

)
, u

(k−1)
1 (b) = 0 (k = 1, . . . ,m), (6)

depending on the parameters λ ∈ [0, 1] and b ∈ ]a,+∞[ .

Proposition 1 (The principle of a priori boundedness). Let there exist constants b0 > a and r > 0
such that for any λ ∈ [0, 1] and b ≥ b0 every solution of problem (5), (6) admits the estimate

m∑
k=1

(
|u(k−1)1 (a)|+ |u(k−1)2 (a)|

)
+ Φm(u1, u2) ≤ r.

Then problem (1), (2) has at least one solution.
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Based on Proposition 1, the following theorem can be proved.

Theorem 1. Let conditions (3), (4) be fulfilled, there exist mutually nonintersecting intervals
[aik, bik] ⊂ [a,+∞[ (i = 1, 2; k = 1, . . . ,m) and a positive number r such that

lim
|x|→+∞

bik∫
aik

gi(t, x) dt = +∞ (i = 1, 2; k = 1, . . . ,m), (7)

ϕk(x, y)x > 0 for (−1)m−k+1xy > r (k = 1, . . . ,m).

Then problem (1), (2) has at least one solution.

Particular cases of (2) are the boundary conditions

u
(jk−1)
1 (a) = ψk(u

(m−jk)
2 (a)) (k = 1, . . . ,m0),

u
(m−jk)
2 (a) = ψk(u

(jk−1)
1 (a)) (k = m0 + 1 . . . ,m), Φm(u1, u2) < +∞;

(8)

u
(k−1)
1 (a) = ψk(u

(m−k)
2 (a)) (k = 1, . . . ,m), Φm(u1, u2) < +∞, (9)

and
u
(m−k)
2 (a) = ψk(u

(k−1)
1 (a)) (k = 1, . . . ,m), Φm(u1, u2) < +∞, (10)

where
m0 ∈ {1, . . . ,m− 1}, jk ∈ {1, . . . ,m}, jk 6= j` for k 6= `,

and ψk : R→ R (k = 1, . . . ,m) are continuous functions.

Corollary 1. If along with (3), (4) and (7) the condition

lim inf
|x|→+∞

[
(−1)m−jkψk(x)x

]
> −∞ (11)

is fulfilled, then problem (1), (8) has at least one solution.

Corollary 2. If along with (3), (4) and (7) the condition

lim inf
|x|→+∞

[
(−1)m−kψi(x)x

]
> −∞ (k = 1, . . . ,m) (12)

is fulfilled, then problem (1), (9), as well as problem (1), (10) has at least one solution.

An interesting particular case of system (1) is the Emden–Fowler type differential system

u
(m)
1 = p1(t)|u2|λ1 sgn(u2) + q1(t), u

(m)
2 = p2(t)|u1|λ2 sgn(u1) + q2(t), (13)

where λi > 0 (i = 1, 2), and pi : [a,+∞[→ R, qi : [a,+∞[→ R (i = 1, 2) are continuous functions.

Corollary 3. Let

p1(t) ≥ 0, (−1)m−1p2(t) ≥ 0 for t ≥ a,

|qi(t)| ≤ qi0(t)|pi(t)|
1

1+λi for t ≥ a (i = 1, 2),

where qi0 : [a,+∞[→ [0,+∞[ (i = 1, 2) are continuous functions such that

+∞∫
a

|qi0(t)|
1+ 1

λi dt < +∞ (i = 1, 2).

If, moreover, condition (12) holds, then problem (13), (9), as well as problem (13), (10) has at least
one solution.
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Consider now the case, where

fi(t, 0) = 0 for t ≥ a (i = 1, 2),

f1(t, x) ≤ f1(t, y), (−1)m−1f2(t, x) ≤ (−1)m−1f2(t, y) for t ≥ a, x < y.
(14)

A nontrivial solution (u1, u2) of system (1) defined on some infinite interval [a0,+∞[⊂ [a,+∞[
is called:

(i) proper if it is not identically equal to zero in any neighbourhood of +∞;

(ii) oscillatory if every its component changes sign in any neighbourhood of +∞;

(iii) first kind singular solution if there exists t0 > a0 such that ui(t) = 0 for t ≥ t0 (i = 1, 2).

The problem on the existence of proper (in particular, oscillatory) solutions of system (1) is of
special interest in the so-called “superlinear” case, when the right-hand sides of that system are
the functions, rapidly growing with respect to the phase variables. Such are the cases that cover
the results formulated below.

Corollary 4. Let along with (12) and (14) the conditions

fi(ti, x0) 6= 0 (i = 1, 2),
m∑
k=1

|ψk(0)| > 0

be fulfilled, where ti > a (k = 1, 2) and x0 6= 0. If, moreover, system (1) has no first kind singular
solution, then problems (1), (9) and (1), (10) are solvable, and their solutions are proper.

Theorem 2. Let system (1) have no first kind singular solution and along with (12), (14) the
condition

+∞∫
a

|fi(t, x)| dt = +∞ (i = 1, 2)

be fulfilled. Let, moreover, either

m be even and

m∑
k=1

|ψk(0)| > 0,

or

m ≥ 3 be odd, ψm(x) ≡ 0,
m−1∑
k=1

|ψk(0)| > 0.

Then problems (1), (9) and (1), (10) are solvable, and their solutions are oscillatory.

As an example, we consider the problem

u
(m)
1 = p1(t) exp(h1(t)|u2|)|u2|λ1 sgn(u2), u

(m)
2 = p2(t) exp(h2(t)|u1|)|u1|λ2 sgn(u1), (15)

u
(k−1)
1 (a) = αku

(m−k)(a) + ck (k = 1, . . . ,m), Im(u1, u2) < +∞, (16)

where
λ1 > 0, λ1λ2 ≥ 1, αk ∈ R (i = 1, . . . ,m),

and pi, hi : [a,+∞[→ R (i = 1, 2) are continuous functions such that

p1(t) ≥ 0, (−1)m−1p2(t) ≥ 0, h1(t) ≥ 0, h2(t) ≥ 0 for t ≥ a.

From Theorem 2 it follows



4 Czech-Georgian Workshop on BVPs, January 10 – 13, 2017, Brno, Czech Republic

Corollary 5. Let
+∞∫
a

pi(t) exp(xhi(t)) dt = +∞ for x > 0 (i = 1, 2)

and let, moreover, either

m be even, (−1)m−kαk > 0 (k = 1, . . . ,m),
m∑
k=1

|ck| > 0,

or

m be odd, (−1)m−kαk > 0 (k = 1, . . . ,m− 1), αm = cm = 0,
m−1∑
k=1

|ck| > 0.

Then problem (15), (16) is solvable and every its solution is oscillatory.
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