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Meanwhile, in my hometown...

...Carnivall!



Greatest and least solutions - History

[ G. Peano, Sull’ integrabilita delle equazioni differenziali di primo
ordine, Atti Acad. Sci. Torino 21 (1886), 677-685.

y'(8) = f(y(t), 1), ¥(a) = yo ]

where f(y, t) is real-valued and continuous on a neighborhood of (a, yo)

The result:
the existence of solutions Yiin, Ymax : [3, @ + 0] — R that are extremal in
the sense that:

every other solution y : [a,a + ] — R satisfies Yimin < ¥ < Yimax



Greatest and least solutions measure differential equations

@ G. Monteiro and A. Slavik, Extremal solutions of measure differential
equations, submitted (JMAA).

=+ [ F(y(s),5) de(s), telab] (1)J

where the integral is the Kurzweil-Stieltjes integral and g is a nondecreasing



Greatest and least solutions measure differential equations

B G. Monteiro and A. Slavik, Extremal solutions of measure differential
equations, submitted (JMAA).

W=+ [ (s) ) de(s), telabl (1)

| \

Definition
Let z: | C [a, b] — R be a solution of Eq. (1).

We say that z is the greatest solution of Eq. (1) on / if any other
solution y : | — R satifies

y(t) < z(t) forevery tel.

Symmetrically, we say that z is the least solution of Eq. (1) on / if any
other solution y : | — R satifies

z(t) < y(t) forevery tel.

<




Existence of solution

@ M. Federson, J. G. Mesquita, A. Slavik, Measure functional
differential equations and functional dynamic equations on time
scales, J. Differential Equations 252 (2012), 3816-3847.

1 A. Slavik, Well-posedness results for abstract generalized differential
equations and measure functional differential equations,
J. Differential Equations 259 (2015), 666—707.

70 = () + [ (o5 dg(s), £ € [torto + o],

0

Ytg = (b



Existence of solution

W=+ [ F(y(s),5)de(s), te b J

to

to € [aab]7 Yo € B CR"
g :[a,b] > Ris BV and f: B x [a, b] - R" satisfying:

(C1) For every y € B, the integral fab f(y,t)dg(t) exists.
(C2) There exists M : [a, b] — R, which is K-S integrable w.r.t. g,

such that
/f(y, dg(t //V/(t dg(t

for every y € B and [u, v] C [a, b].
(C3) For each t € [a, b], the mapping y € B — f(y,t) is
continuous.




Existence of solution

W=+ [ F(y(s),5)de(s), te b J

to

to € [aab]7 Yo € B CR"
g :[a,b] > Ris BV and f: B x [a, b] - R" satisfying:

(C1) For every y :[a, b] — B regulated, fab f(y(t),t)dg(t) exists.
(C2) There exists M : [a, b] — R, which is K-S integrable w.r.t. g,

such that
/ M(t) dg(?)

for every y : [a, b] — B regulated and [u, v] C [a, b].

t)dg(t)

(C3) For each t € [a, b], the mapping y € B — f(y,t) is
continuous.



Existence of solution

Theorem

Assume
(i) g:[a,b] > R is BV
(i) f: B x [a, b] — R" satisfies conditions (C1), (C2), (C3)

(ii)) y+ = yo + f(yo, to)ATg(to) and y— = yo — f(yo, to) A~ g(to)
are interior points of B

Then there exist §_, 4 > 0 such that

W=+ [ F(y(s),5) de(s), telab]

to

has a solution on [ty — 0_, to + 0+] N [a, b]




Continuation of solution

Lemma

Assume that B C R is open and
(i) g:[a,b] > R is BV
(i) f: B x [a, b] — R" satisfies conditions (C1), (C2), (C3)

(i) y+ = yo + f(y0, to)Atg(to) and y— = yo — f(yo, to) A~ g(to)
both belong to B

Then:
there exist §_, 0, > 0 such that each solution y : | — B of Eq.
(1), I closed interval, can be extended to [ty — d_, to + 6] N [a, b].




Continuation of solution

Let g :[a,b] = R be BV and f : B x [a, b] — R".
Assume that y : [ty, T) — R" is a solution of

W=+ [ (), ) de ().

to
Then: y can be extended to a solution on [ty, T]
if and only if
y(T—) exists and there is a vector § € B such that
N(T=)=9 -1, T)A g(T).

In this case, y(T) = §.




Extremal solutions

W=+ [ (s) ) deg(s), telabl (1)

f:Bx[abl—>R, g:[ab] — Ris nondecreasing left continuous



Extremal solutions

0=+ [ (s s)de(s), tefabl (1)

f:Bxlabl— R, g:[a, b]— R isnondecreasing left continuous

(C4) If u,v € B, with u < v, then

u+ f(u, t)Atg(t) < v+ f(v,t)ATg(t) for every t € [a, b).

In this case:

if y1,y2 : | — B are solutions of Eq.(1) with y1(7) < y»(7)

yi(+) = yi(r)+(ya(7), 7)AT g (7) < yo(7)+F (v2(7), T)ATg(T) = ya(7+)



Extremal solutions

t
)=yt [ F(9)5)de(s), telatl ()
f:Bx][a bl =R, g:l[a b] — R is nondecreasing left continuous

(C4) If u,v € B, with u < v, then

u+ f(u, t)Atg(t) < v+ f(v,t)Atg(t) for every t € [a, b)

<

Theorem

Assume that B C R is closed and f satisfies conditions (C1), (C2),
(C3), (C4).

If Eq. (1) has a solution on [a, b], then it has the greatest/least
solution on |[a, b].




Peano’s uniqueness theorem

(C2") For each compact set C C B, there exists M : [a, b] — R, which is
K-S integrable w.r.t. g, such that
/ M(t)dg(t

/fm dg(t

for every y € C and [u, v] C [a, b].

Theorem

Assume that B C R is closed and f satisfies conditions (C1),
(C2'), (C3), (C4).
If the function f is nonincreasing in the first variable, then

y(t) m+/f s)dg(s), te€(ab]

has at most one solution on [a, b].




Extremal solutions: comparison

Assume

(i) f satisfies conditions (C1), (C2'), (C3), (C4)

(il) y+ = yo+ f(yo, to)ATg(to) is an interior points of B

Then there exists 6 > 0 such that

Q Eq. (1) has the greatest solution ymay and the least solution
Ymin in B x [a,a+ d].

Q For any solutiony : | — B of Eq. (1), a€ | C [a,a+ ¢], we
have

Ymin(t) < y(t) < ymax(t) forall t € 1.




Lower and upper solution

Definition

Let / C [a, b] be an interval with a € /.

A regulated function o : | — B is a lower solution of Eq. (1) on /
if a(a) < yp and

a(v) = afu) < /V f(a(s),s)dg(s), [u,v] 1. (1)

Symmetrically, a regulated function 8 : | — B is an upper solution
of Eq. (1) on I if 5(a) > y and

B(v) — Blu) > /Vfw(s),s)dg(s), wviclh ()




Lower and upper solution

Let B C R be open and assume that
(i) f satisfies conditions (C1), (C2'), (C3), (C4)

(i) y+ =yo+f(vo,t0)ATg(to) € B

If Yomax : | — B and Ymin : J — B, where a€ | C [a,b] and a € J C [a, b],
are the noncontinuable extremal solutions of Eq. (1), then

Q /fa:l' = B, whereac |’ C I, is a lower solution, then
a(t) < ymax(t) foralltel’.

Q If3:J — B, where ac J' C J, is an upper solution, then

B(t) > ymin(t) forallte J.
Consequently,

Ymax(t) = max{a(t); « is a lower solution on [a,t]}, t €,

Ymin(t) = min{3(t); B is an upper solution on [a, t]}, t€ J.




Application to impulsive systems

y'(t) = f(y(t),t), a.e. in[a,b],
ATy(te) = h(y(t)), ke {1,...,m},
y(a) = yo,
where a<t; <---<tpm<b, f:Bx[ab—>R" h,....In: B—=R"



Application to impulsive systems

KO =+ [ Fs)s)ds+ Y hiv(w)). telanbl

k; ty<t

where a<t; <---<tp<b, f:Bx[ab—=>R" h,...;/ln:B—=R"



Application to impulsive systems

t
v =0t [ F()s)dst D hiy(w), te laibl

k; ty<t

wherea<ty < - <tm<b, f:Bx[abl—R" h,... ln:B—R"

Define: .
s)=s+ Zx(tkm)(s), s € [a, b]

Flz,t) = {f(za t), telab\{tr,...,tm}

Ik(z), t=tx forsome ke {l,...,m}.

z(t) =yo + /at f(z(s),s)dg(s), t€ a,b].




Application to impulsive systems

=0+ [ Fsh)ds+ 3 ki) t€ladl

k; te<t

(C1) For every y € B, the integral fab f(y,t)dg(t) exists.

40=m+/?@®ﬁﬂdﬂaféhﬂ




Application to impulsive systems

=0+ [ Fsh)ds+ 3 ki) t€ladl

k; te<t

(C1) For every y € B, the integral fab f(y,t)dt exists.

40=m+/?@@ﬁﬂdﬂaféhﬂ




Application to impulsive systems

y(t)—yo—i-/tf( s)ds + Z I(y(tk)), te€]a,b],

k; ty<t

(C1) For every y € B, the integral fab f(y,t)dt exists.
(C2) There exists M : [a, b] — R, which is K-S integrable w.r.t. g, such

/fy,dg /Mdg

for every y € B and [u, v] C [a, b];

z(t) =y +/ f(z(s),s)dg(s), t€]a,b] J




Application to impulsive systems

=0+ [ Fsh)ds+ 3 ki) t€ladl

k; te<t

(C1) For every y € B, the integral fab f(y, t)dt exists.
(C2) There exists M : [a,b] - R K-H integrable and m, > 0 such that

‘/uvf(y,t)dt g/uvlw(t)dt

for every y € B and [u, v] C [a, b]; ||/k(v)|| < my for y € B.

40=m+/?@@ﬁﬂdﬂaféhﬂ




Application to impulsive systems

=0+ [ Fsh)ds+ 3 ki) t€ladl

k; te<t

(C1) For every y € B, the integral fab f(y, t)dt exists.
(C2) There exists M : [a, b] = R K-H integrable and m, > 0 such that

‘/uvf(y,t)dt

for every y € B and [u, v] C [a, b]; || Ik(¥)|| < mx for y € B.

< /uv M(t) dt

(C3) For each t € [a, b], the mapping y € B — f(y, t) is continuous.

40=m+/?@®ﬁﬂdﬂaféhﬂ




Application to impulsive systems

W=+ [ Fshds+ T k() t€labl

k; te<t

(C1) For every y € B, the integral fab f(y,t)dt exists.
(C2) There exists M : [a, b] = R K-H integrable and my > 0 such that

‘/uvf(y,t)dt §/UVM(t)dt

for every y € B and [u, v] C [a, b]; || Ik(¥)|| < mx for y € B.
(C3) Foreach t e [a,b]\{ts,..., tm}, ¥ — f(y,t) is continuous in B;

and I : B — R" is continuous for each k € {1,..., m}.

dﬂ=m+L?&@dNA$ t € [a,b].




Application to impulsive systems

WO =0+ [ Fshds+ 3 b)), t€ labl

k; ty<t

(C2) There exists M : [a, b] — R K-H integrable and my > 0 such that

/uv f(y, t)dt‘ < /uv M(t) dt

for every y € B and [u, v] C [a, b]; || Ik(¥)|| < mx for y € B.
(C3) For each t € [a,b]\{t1,...,tm}, ¥+ f(y,t) is continuous in B;
and I, : B — R" is continuous for each k € {1,..., m}.

(C4) If u,v € B, with u < v, then
u+ f(u, t)Atg(t) < v+ f(v,t)Atg(t) for every t € [a, b).

2(£) = yo + / “F(2(5),5) da(s), te[ab]




Application to impulsive systems

WO =0+ [ Fshds+ 3 b)), t€ labl

k; ty<t

(C2) There exists M : [a, b] — R K-H integrable and my > 0 such that

/uv f(y, t)dt‘ < /uv M(t) dt

for every y € B and [u, v] C [a, b]; || Ik(¥)|| < mx for y € B.
(C3) For each t € [a,b]\{t1,...,tm}, ¥+ f(y,t) is continuous in B;
and I, : B — R" is continuous for each k € {1,..., m}.
(C4) If u,v € B, with u < v, then

u+ le(u) < v+ Ig(v) for every k € {1,..., m}.

2(£) = yo + / “F(2(5),5) da(s), te[ab]




REEENES

[ R. L. Pouso, Greatest solution and differential inequealities: a
Journey in two directions, arXiv:1304.3576 [math.CA].

[3 R. L. Pouso, Peano’s Existence Theorem revisited,
arXiv:1202.1152 [math.CA].

@ J. Kurzweil, Nichtabsolut konvergent Integrale, BSB B. G.
Teubner Verlagsgesellschaft, Leipzig, 1980.



Thank you!
Dékuju!



