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Main Results

u′′ = f (t, u) (1.1)

u(a) = φ1(u), u(b) = φ2(u) (1.2)

u(a) = φ1(u), u′(b) = φ2(u) (1.3)

f : ]a, b[× ]0,+∞[→ R+, φi : C ([a, b];R+) → R+ (i = 1, 2)
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Positive solution: u ∈ C ([a, b];R) ∩ C̃ 1
loc(]a, b[ ;R),

u(t) > 0 for a < t < b

p0(t, x) ≤ f (t, x) ≤ p1(t, x) + p2(t, x)(1 + x) (1.4)

φi (u) ≤ r∥u∥+ r0 (i = 1, 2); (1.5)

φ1(u) ≤ r∥u∥+ r0, φ2(u) ≤ ∥u∥[a,b0] (1.6)

φ1(u) + (b − a)φ2(u) ≤ r∥u∥+ r0, (1.7)

pi : ]a, b[× ]0,+∞[→ R+ (i = 0, 1, 2), b0 ∈ ]a, b[

∥u∥[a,b0] = max
{
u(t) : a ≤ t ≤ b0

}
.
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We are, mainly, interested in the case, in which

lim
x→0

pi (t, x) = +∞ for t ∈ I (i = 0, 1, 2),

where I ⊂ [a, b] is a set of positive measure. In this case,

lim
x→0

f (t, x) = −∞ for t ∈ I ,

that is, the equation (1.1) is singular with respect to the phase
variable.
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u′′ = − t2
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u′′ = f (t, u) (1.1)

u(a) = φ1(u), u(b) = φ2(u) (1.2)

p0(t, x) ≤ f (t, x) ≤ p1(t, x) + p2(t, x)(1 + x) (1.4)

φi (u) ≤ r∥u∥+ r0 (i = 1, 2) (1.5)

Theorem 1. If along with (1.4) and (1.5) the conditions

0 <

∫ b

a
(t − a)(b − t)pi (t, x) dt < +∞ for x > 0 (i = 0, 1),

r < 1, lim
x→0

∫ b

a
(t − a)(b − t)p2(t, x) dt < (1− r)(b − a)

are fulfilled, then the problem (1.1), (1.2) has at least one positive
solution.
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u′′ = f (t, u) (1.1)

u(a) = φ1(u), u(b) = φ2(u) (1.2)

p0(t, x) ≤ f (t, x) ≤ p1(t, x) + p2(t, x)(1 + x) (1.4)

φ1(u) ≤ r∥u∥+ r0, φ2(u) ≤ ∥u∥[a,b0] (1.6)

Theorem 2. If along with (1.4), (1.6) and the conditions

0 <

∫ b

a
(t − a)(b − t)pi (t, x) dt < +∞ for x > 0 (i = 0, 1),

r < 1, lim
x→+∞

∫ b

a
(t − a)(b − t)p2(t, x) dt < (1− r)(b − b0)

are fulfilled, then the problem (1.1), (1.2) has at least one positive
solution.
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u′′ = f (t, u) (1.1)

u(a) = φ1(u), u′(b) = φ2(u) (1.3)

p0(t, x) ≤ f (t, x) ≤ p1(t, x) + p2(t, x)(1 + x) (1.4)

φ1(u) + (b − a)φ2(u) ≤ r∥u∥+ r0 (1.7)

Theorem 3. If along with (1.4) and (1.7) the conditions

0 <

∫ b

a
(t − a)pi (t, x) dt < +∞ for x > 0 (i = 0, 1),

r < 1, lim
x→+∞

∫ b

a
(t − a)p2(t, x) dt < (1− r)(b − a)

are fulfilled, then the problem (1.1), (1.3) has at least one positive
solution.
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Note that if the conditions of Theorems 1 or 2 (of Theorem 3) are
fulfilled, but∫ b

a
pi (t, x) dt = +∞ for x > 0 (i = 0, 1),

then the equation (1.1) has a nonintegrable singularity in a time
variable at the point t = a or t = b (at the point t = a).
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Example:

u′′ =
n∑

k=1

fk(t)

qk(u)
uλk +

f0(t)

q0(u)
(1.8)

u(a) =

∫ b

a
h1(u(s)) dℓ1(s), u(b) =

∫ b

a
h2(u(s)) dℓ2(s); (1.9)

u(a)=

∫ b

a
h1(u(s)) dℓ1(s), u(b)=

∫ b0

a
h2(u(s)) dℓ0(s); (1.10)

u(a)=

∫ b

a
h1(u(s)) dℓ1(s), u′(b)=

∫ b

a
h2(u(s)) dℓ1(s); (1.11)

0 < λk < 1 (i = 1, . . . , n − 1), λn = 1, b0 ∈ ]a, b[ ,

fk : ]a, b[→R+, q : ]0,+∞[→]0,+∞[ , lim
x→0

qk(x)=0, hi : R+→R+

ℓi (b)− ℓi (a) = 1 (i = 1, 2), ℓ0(b0)− ℓ0(a) = 1
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u′′ =
n∑

k=1

fk(t)

qk(u)
uλk +

f0(t)

q0(u)
(1.8)

u(a) =

∫ b

a
h1(u(s)) dℓ1(s), u(b) =

∫ b

a
h2(u(s)) dℓ2(s) (1.9)

Corollary 1. If

0<

∫ b

a
(t−a)(b−t)f0(t) dt<+∞,

∫ b

a
(t−a)(b−t)fi (t) dt<+∞ (i=1, . . . , n),

lim
x→+∞

hi (x)

x
< 1 (i = 1, 2), lim

x→+∞
qn(x) = +∞,

then the problem (1.8), (1.9) has at least one positive solution.
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u′′ =
n∑

k=1

fk(t)

qk(u)
uλk +

f0(t)

q0(u)
(1.8)

u(a) =

∫ b

a
h1(u(s)) dℓ1(s), u(b) =

∫ b0

a
h2(u(s)) dℓ0(s) (1.10)

Corollary 2. If

0<

∫ b

a
(t−a)(b−t)f0(t) dt<+∞,

∫ b

a
(t−a)(b−t)fk(t) dt<+∞ (i=1, . . . , n),

lim
x→+∞

h1(x)

x
< 1, h2(x) ≤ x for x > 0, lim

x→+∞
qn(x) = +∞,

then the problem (1.8), (1.10) has at least one positive solution.
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u′′ =
n∑

k=1

fk(t)

qk(u)
uλk +

f0(t)

q0(u)
(1.8)

u(a) =

∫ b

a
h1(u(s)) dℓ1(s), u′(b) =

∫ b

a
h2(u(s)) dℓ2(s) (1.11)

Corollary 3. If

0 <

∫ b

a
(t−a)f0(t) dt<+∞,

∫ b

a
(t−a)fk(t) dt<+∞ (k=1, . . . , n),

lim sup
x→+∞

h1(x)

x
+ (b − a) lim sup

x→+∞

h2(x)

x
< 1, lim

x→+∞
qn(x) = +∞,

then the problem (1.8), (1.11) has at least one positive solution.
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Auxiliary Propositions

p0(t, u(t)) ≤ −u′′(t) ≤ p1(t, u(t)) + p2(t, u(t))(1 + u(t)) (2.1)

u(a) ≤ r∥u∥+ r0, u(b) ≤ r∥u∥+ r0 (2.2)

u(a) ≤ r∥u∥+ r0, u(b) ≤ ∥u∥[a,b0] (2.3)

u(a) + (b − a)u′(b) ≤ r∥u∥+ r0, u′(b) ≥ 0 (2.4)

pi : ]a, b[× ]0,+∞[→ R+ (i = 0, 1, 2), b0 ∈ ]a, b[

∥u∥[a,b0] = max
{
u(t) : a ≤ t ≤ b0

}
.
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p0(t, u(t)) ≤ −u′′(t) ≤ p1(t, u(t)) + p2(t, u(t))(1 + u(t)) (2.1)

u(a) ≤ r∥u∥+ r0, u(b) ≤ r∥u∥+ r0 (2.2)

Lemma 1. If

0<

∫ b

a
(t−a)(b−t)pi (t, x) dt<+∞ for x>0 (i=0, 1), (2.5)

r < 1, lim
x→0

∫ b

a
(t − a)(b − t)p2(t, x) dt < (1− r)(b − a),

then there exist a positive constant ρ and continuous functions
εi : [a, b] → [0,+∞[ (i = 0, 1, 2) such that

ε0(a) = ε0(b) = 0, ε1(a) = 0, ε2(b) = 0,

εi (t) > 0 for a < t < b (i = 0, 1, 2),
(2.6)

and an arbitrary solution u of problem (2.1), (2.2) admits the
estimates

ε0(t) ≤ u(t) ≤ ρ for a ≤ t ≤ b, (2.7)∣∣u(t)−u(a)
∣∣≤ε1(t),

∣∣u(t)−u(b)
∣∣≤ε2(t) for a≤ t≤b. (2.8).....
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p0(t, u(t)) ≤ −u′′(t) ≤ p1(t, u(t)) + p2(t, u(t))(1 + u(t)) (2.1)

u(a) ≤ r∥u∥+ r0, u(b) ≤ ∥u∥[a,b0] (2.3)

Lemma 2. Let along with (2.5) the condition

r < 1, lim
x→+∞

∫ b

a
(t − a)(b − t)p2(t, x) dt < (1− r)(b − b0)

be fulfilled. Then there exist a positive constant ρ and continuous
functions εi : [a, b] → [0,+∞[ (i = 0, 1, 2), satisfying conditions
(2.6), such that an arbitrary solution u of problem (2.1), (2.3)
admits estimates (2.7) and (2.8).
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p0(t, u(t)) ≤ −u′′(t) ≤ p1(t, u(t)) + p2(t, u(t))(1 + u(t)) (2.1)

u(a) + (b − a)u′(b) ≤ r∥u∥+ r0, u′(b) ≥ 0 (2.4)

Lemma 2. Let

0 <

∫ b

a
(t − a)pi (t, x) dt < +∞ for x > 0 (i = 0, 1),

r < 1, lim
x→+∞

∫ b

a
(t − a)p2(t, x) dt < (1− r)(b − a).

Then there exist a positive constant ρ and continuous functions
εi : [a, b] → [0,+∞[ (i = 0, 1) and ρ1 : ]a, b] → ]0,+∞[ such that

εi (a) = 0, εi (t) > 0 for a < t ≤ b (i = 0, 1),

and an arbitrary solution u of problem (2.1), (2.4) admits the
estimates

ε0(t) ≤ u(t) ≤ ρ, 0 ≤ u′(t) ≤ ρ1(t) for a < t ≤ b,∣∣u(t)− u(a)
∣∣ ≤ ε1(t) for a ≤ t ≤ b.
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