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Preliminaries and motivation

@ —o<a<b<oo
@ X is a Banach space, £(X) are linear bounded operators on X,
@ G([a,b], X) is the Banach space of regulated functions f:[a, b] — X

with the norm f € G([a,b], X) — ||f]lec = sup [f(t)|x,
tefa,b]

o (Af(a)=A*f(b)=0),
® BV ([a,b].X) = {f :[a,b] = X; var f < oo},

@ BV([a,b],X) c G([a,b], X).

x(t):i+/td[A]x +f(t) —f(a) for te[a,b],
where 2

X eX, AeBV([a,b], £L(X)), f €G([a,b],X) and x € G([a, b], X).




x(t) = i+/td [A]x +f(t) —f(a), tela,b],
includes a.o.

@ linear functional differential equations with linear impulses,
@ linear dynamical equations on time scales.



Kurzweil-Stieltjes Integral for Banach Space Valued Functions

@ G={6:[a,b]—(0,1)} are on [a, b].

° P:{P:(D7§)7 D:{a:a0<a1< OO <O¢m:b}, é.:({lv 0009 fm)eRmvgje[ajflv OCJ]}
are of [a, b].

@ P=(D,¢)ePla,b] is if [oj—1,05] C (§ —6(§),& +6(§)) forallj.

@ For F:[a,b] —» £(X), g:[a,b] — X, P = (D, &) € P[a,b] we put

S(F,dg,P) = > F(§)[9(x) —9(j-1)], S(dF,9,P) = [F(aj-1) — F(e)]9(§)
j=1

j=1

Definition

|
\

| = / F d[g] ifforevery e >0 there exists a § € G[a,b] such that
HS(F,dg,P) - IHX < ¢ forall é-fine tagged divisions P of [a,b]

J= / d[F]g ifforevery e > 0 there exists a ¢ € G[a, b] such that

HS(dF,g,P) —JHX < e forall é-fine tagged divisions P of [a,b]

\




Basic properties of KS-integral in a Banach space were established by STEFAN SCHWABIK
(See also the monograph by CHAIM HONIG working with Dushnik integral.)

KS-integral is linear and is an additive function of interval

(RS) fPd [F]g exists = [ d [F]g exists and (RS) [ d [F]g= [ d [F]g.

F €G([a,b], £(X)), g €BV([a,b],X) = [PFd[g] exists.

F €BV([a,b], £(X)), g €G([a,b],X) = [Pd[F]g exists.

F €G([a,b], £(X)) and g is a finite step function —- fab d[F]g exists.

fab d[F]g exists —
| 2 dlF ()|, < 2 dlvar Flg(s) < (var? F) gl

F eG([a,b], £(X)), geBV([a,b],X), [Pd[F]g exists —
IS(dF,g,P)llx < 2|[Fllcllgllev forall P e Pla,b]

and

J2dlFlg|, <21IF i lgllev-



Proposition 1 (Existence Theorem)

F €G([a,b], £(X)), geBV([a,b],X) = /bd [F]g exists,

F € BV([a,b], L(X)), g€G([a,b],X) = /b F d[g] exists.

| A\

Proposition 2 (Main Convergence Theorem)
ASSUME:

@ g,0keG([a,b],X), F,FeBV([a,b],X) for k eN,
® =9, R=F,
@ o :=sup{var’F;k € N} < <.

THEN: kimm“/atd[Fk]gk—/atd[F]ng:0 fort e [a,b].

N




Generalized Linear Differential Equations

(GL) x(t)_>~<+/td[A(s)]x(s)+f(t)—f(a), te[ab].

Proposition 3  (schwabik, Mathematica Bohemica 1999 and 2000}
ASSUME:
@ AeBV([a,b],£L(X)), f €G([a,b],X),
@ [I-AA({t)]teL(X) for te(a,b].
THEN:
@ (GL) has a unique solution x € G([a, b], X) on [a, b]
for each x € X, f € G([a, b], X),
@ x—feBV([a,b],X).




Gronwall Lemma

ASSUME: u,p:[a,b] — [0,00) are continuous, K,L>0 and
t
u(t) < K+L/ (pu)ds for te[a,b].
a

t
THEN: u(t) <K exp(L/ pds) for te[a,b].
a

Generalized Gronwall Lemma (Schwabik)
ASSUME:
@ u:[a,b]—[0,00) is bounded on [a,b], K,L>0,
@ h:[a,b]—]0,c0) is nondecreasing and left-continuos on (a,b],
t
@ ul)<K +L/ dlhu forte[a,b].
a
THEN : u(t) <K exp(L[h(t)—h(a)]) for te[a,b].

Corollary of the Generalized Gronwall Lemma

ASSUME: AeBV([a,b], £(X)), feG([a,b],X), [IfA—A(t)}flEE(X) for te(a,b] and
ca = sup{[l[l = A~A(t)]*lix) st € (a,b]}.
THEN: O<ca<oo and [x(t)||x <ca (Ilin +2 Hflloo) exp(vari A) on [a,b]

holds for each solution x € G([a, b], X) of the equation

t
x(t):iJr/ dAx +f(t) —f(a), tela,b].

\




Uniformly bounded variation

Xk (t) = Xk +/td[Ak]x +fi(t) — fk(a), telab].

X(t) =X+ /td[A]x +f(t) —f(a), telanb].

THEOREM 1

AsSUME: Ay, A€ BV ([a,b], £(X)), fk,f € G([a,b],X), Xk,x € X fork €N,

o [I—A-A@M)] TeL(X) for te(a,b],
@ A=A onfab], o :=sup{varPA, : k € N} < oo,
°

Xk — X, fx=f on]a,b].

THEN: X« =X on [a,b].




SKETCH OF PROOF: WE ASSUME:
@ A,AeBV([a,b], L(X)), fk,f €G([a,b],X), X, X €X for k €N,

o
@ A=A onfab], o :=sup{var®A : k € N} < oo,
@ X —X, fy=f onJab]
Put
THEN ¢
wi (1) = Wy +/ d[Ac(s)]wk(s) + hk(t) —hg(a) for keN and t€|a,b],
where !

B = Gie—(@) ~ (-1@) — 0, 0=/ diacalx-0+ ([ aindt-[ amale),

kimooH/td[Ak]fk—/td[A]fHX =0 fortefab]  ( ),
t
| [ diacnin], <2lac-Al lx—flav on fab] ( )

TO SUMMARIZE: lim |lhg|lec =0, lim Wy = 0.
k— o0 k— o0



SKETCH OF PROOF: WE ASSUME:
@ AAeBV([a b], £(X)), f,f € G([a, b], X), X, X € X for k €N,

@ A, keN, are left-continuous in (a, b],
@ A=A onjab], a*:=sup{var? A, : k € N} < oo,
o S(vk — X, f« =f on [a, b].

WE HAVE: wg = (xk—fx) — (x—f),

Wk(t):v~vk+/td[Ak(s)]wk(s)+hk(t)fhk(a) for keNandte[a,b],

lim [hgllsc =0, lim Wy =0
k— oo k— oo



SKETCH OF PROOF: WE ASSUME:
@ AAeBV([a b], £(X)), f,f € G([a, b], X), X, X € X for k €N,

@ A, keN, are left-continuous in (a, b],
@ A=A onjab], a*:=sup{var? A, : k € N} < oo,
o S(vk — X, f« =f on [a,b].
WE HAVE: wg = (xk—fx) — (x—f),
t
wy (t) = Wy +/ d [A(s)]wk(s) + hg(t) —hg(a) for keNandte[a,b],
a
li h =0 lim Wy =0
kLmOO” kHOO ) kLmoOWk
and

Wi (®)llx < (IWicllx + 2l[hilloo ) exp (varz Ac) on [a,b] = wi =0 = x =x.



Variations bounded with a weight

X =Pt xe, x(a)=X,

x' = P(t)x, x(a) =X.

Kurzweil & Vorel [Czechoslovak Mathematical Journal, 1957]

ASSUME:
@ ||P|ls <p*<oo for kEN,

t t
° /Pkds:;/Pds.
a a

THEN: xx = x on [a,b].

v
Opial [Journal of Differential Equations, 1967]

ASSUME:

o (1+IPu) | [Peas— [Pas| =0

THEN: xx = x on [a,b].




(Eq<) Xk(t) = ik + /t d [Ak]Xk(S), te [a, b],

(Eg)  x(t) = iJr/atd[A]x(s), te[a,b].

Proposition

AssuME: Ay € BV([a,b], £(X)), Xk X for k €N,
@ AeBV([a,b], £L(X), x X,
@ [I—-AA{M)]teL(X) for te(a,hb],
o lim (1+ vard A |[Ax — Al = 0.

THEN:

@ (Eq) has a unique solution x € BV ([a, b], X),
@ (Eqk) has a unique solution xx € BV ([a, b], X) for k €N large enough,
°

Xk = X.
V.




Lemma (Kiguradze)

ASSUME:
@ A, Ac € BV([a,b], £(X)) for k eN,,
@ [I—AA(t)] teL(X) for te(a,b],
o lim (1+ vard Av) |Ac — Al = 0.

THEN: there are r* >0 a kg €N such that

t
Iyl < * <||y(a)||x+(1+varzAk sup_[y(t)-y(a)- | d[AklyHX>
a

t € [a,b]

forall y € G([a,b],X) and k >ko.




SKETCH OF PROOF: ASsSUME: for each n € N there are kn € N and yn € G([a, b], X) such that

)

() -sn(a)- [ "4 (A yn

[ynllos > n <||yn(a)x + (1 vard Ag,) sup |
tefa,b]



Assume that for each n € N there are ky € N and yn € G([a, b], X) such that

1 t
s llyn(a)llx + (1+Varg Al sup H (a) / d[A] Yn H
n [Iynlloo te[a b] Hyn”oo ||ynHoo a [lynlloo 1x



Assume that for each n € N there are ky € N and yn € G([a, b], X) such that

1> Jun(@)llx + (14 vard A) Sup ¢ |

t
un(t)—un(a)—/ d[Ax,]un
a X
where up(t) = ol

ol for tefa,b] and neN.

t
Put vn(t):un(t)—un(a)—/ d[A]un. Then

alloo <~ <+
M n(A+va A) T n

= [lun(a)llx — 0.

forneN = v, =0;

Zn:=Un —Vn €BV, zn(a)=un(a), [|zn|lgv < 1+vard A, and

t t t
Za(t) =2zn(a)+/  d[A]zn +hn(0), hn(t):/ d[Akn—A]zn+/ d[A Jva for teab];
t
H/d[Akan]zn

t
d A, Vv —
H/a ko0 n (14 var A,) ~ n

Hence, by the generalized Gronwall inequality

o <2 1A —Allos [1Z0lley <2/|Ag —Alloo (14 varg Ay,),

b 1 vard A, 1 = [Inlloo—0.
<(varg Ag,) vnllx < = —32 <

oo

lim [znlloe < lim_ca (|[zn(@)]lx +2hnllsc) < exp (ca varg A) =0.
n—oo n—oo



Assume that for each n € N there are ky € N and yn € G([a, b], X) such that

1> Jlun(@)x + (1+vark A) sup, ¢ ap |

un(t)fun(a)f/;d[Akn]un «

= |lun(a)llx —O.

where un(t) = ”52‘(& for te[a,b] and neN.

t
Put vn(t):un(t)—un(a)—/ d[An]un. Then

1
[Vnlloo < ————F—— <

forneN = v, =0;
n(1+varg A) ~ !

S|

Zn:=Up —Vh =0



Assume that for each n € N there are ky € N and yn € G([a, b], X) such that

1> fun(@)llx + (14 vard Ac) Sup ¢ |

un(t)fun(a)f/;d[Akn]un «

= |lun(a)llx —O.

where un(t) = ”52‘(& for te[a,b] and neN.

t
Put vn(t):un(t)—un(a)—/ d[An]un. Then

1
vnlloe < ———F—— <

forneN = v, =0;
n(1+varg A) ~ !

S|

Zn:=Un —Vp =0 — un =0.

: Junllec =1 forallneN -



Assume that for each n € N there are ky € N and yn € G([a, b], X) such that

1> fun(@)llx + (14 vard Ac) Sup ¢ |

un(t)fun(a)f/;d[Akn]un «

= |lun(a)llx —O.

where un(t) = ”52‘(& for te[a,b] and neN.

t
Put vn(t):un(t)—un(a)—/ d[An]un. Then

1
vnlloe < ———F—— <

forneN = v, =0;
n(1+varg A) ~ !

S|

Zn:=Un —Vp =0 — un =0.

: Junllec =1 forallneN - ]



Main result

xk(t)=%k+/td[Ak1xk(s)+fk(t)—fk(a), tefabl keN,
x(t) = F)Z-l—/td[A]X(S)—&—f(t)—f(a), tela,b],

Theorem 3

AsSUME: A, A€ BV ([a,b], £(X)), , fk € G([a, b], X), Xk, X €X for k €N.
@ [I—-A-A@M)] e L(X) for te(a,b],
@ X —X,

© lim (1+ var? Ak> Ak — Alloo =0,

— 00

@ lim (1+ var? Ak) lIfc = flloo = O.

k—o0

THEN: xx =x on [a,b].




Main result

mm=ﬂ+/3muW@+mm—ma,mmmmeN
x(t) = F)Z-l—/td[A]X(S)—&—f(t)—f(a), tela,b],

Theorem 3

AsSUME: A, A€ BV ([a,b], £(X)), , fk € G([a, b], X), Xk, X €X for k €N.
@ [I—-A-A@M)] e L(X) for te(a,b],
@ X —X,

@ im (1+ var? Ak> Ak — Alloo =0,

— 00

@ lim (1+ var? Ak) lIfc = flloo = O.

k—o0

THEN: xx =x on [a,b].

Proof relies on
Lemma (Kiguradze)

t
WMS%MMHGHﬂMwaﬁ )édWWJ

t € [a,b]

forall y € G([a,b],X) and k € N large enough.




SKETCH OF PROOF:

Ac—Alloe < (14+varg A) [Ac—Allo—0 = A=A



SKETCH OF PROOF:
AAlloe < (14+var Ay) A=Al —0 —> A=A

= Jk EN:[I-AA(t)] L€ £L(X) on (a,b] fork >k,



SKETCH OF PROOF:
Ac—Alloe < (14+varg A) [Ac—Allo—0 = A=A

= Jk EN:[I-AA(t)] L€ £L(X) on (a,b] fork >k,

— (by Schwabik’s Proposition 2) — solutions x, x exist for all k > k.



SKETCH OF PROOF:

[A=Alloo <

(1+vard Ay) [|Ac—Alloc—0 => A =A
= Jk EN:[I-AA(t)] L€ £L(X) on (a,b] fork >k,

— (by Schwabik’s Proposition 2) — solutions x, x exist for all k > k.

Put ux =xc—Xx. Then u(a)=Xx —X and

Ui (1) — g (a /d[Akluk —/ d [Ac—AIX + (f (1) — F(1)) — (i (8)~f(a)) .



SKETCH OF PROOF:

Ak —Alloo <

(1+vard Ay) [|Ac—Alloc—0 => A =A
= Jk EN:[I-AA(t)] L€ £L(X) on (a,b] fork >k,

— (by Schwabik’s Proposition 2) — solutions x, x exist for all k > k.

Put ux =xc—Xx. Then u(a)=Xx —X and

Ui (1) — g (a /d[Akluk —/ d [Ac—AIX + (f (1) — F(1)) — (i (8)~f(a)) .

Kiguradze's Lemma = 3Jko>k; and r* € (0,00):

Julloo< (nuk(a)nx + (14 vad Ac) sup |uc(t) - u(@) —/atd[Ak]uk]X>

t€[a,b]

< (KX lx + (1+vard Ac) (2 12 flloe)) Tork > ko.



SKETCH OF PROOF:

Ak —Alloo <

(1+vard Ay) [|Ac—Alloc—0 => A =A
= Jk EN:[I-AA(t)] L€ £L(X) on (a,b] fork >k,
— (by Schwabik’s Proposition 2) — solutions x, x exist for all k > k.

Put ux =xc—Xx. Then u(a)=Xx —X and

Ui (1) — g (a /d[Akluk —/ d [Ac—AIX + (f (1) — F(1)) — (i (8)~f(a)) .

Kiguradze's Lemma = 3Jko>k; and r* € (0,00):

Julloo< (nuk(a)nx + (14 vad Ac) sup |uc(t) - u(@) —/atd[Ak]uk]X>

t€[a,b]

< (KX lx + (1+vard Ac) (2 12 flloe)) Tork > ko.

= ux =0



SKETCH OF PROOF:

Ak —Alloo <

(1+vard Ay) [|Ac—Alloc—0 => A =A
= Jk EN:[I-AA(t)] L€ £L(X) on (a,b] fork >k,
— (by Schwabik’s Proposition 2) — solutions x, x exist for all k > k.

Put ux =xc—Xx. Then u(a)=Xx —X and

Ui (1) — g (a /d[Akluk —/ d [Ac—AIX + (f (1) — F(1)) — (i (8)~f(a)) .

Kiguradze's Lemma = 3Jko>k; and r* € (0,00):

Julloo< (nuk(a)nx + (14 vad Ac) sup |uc(t) - u(@) —/atd[Ak]uk]X>

t€[a,b]

< (KX lx + (1+vard Ac) (2 12 flloe)) Tork > ko.

= U =20= X =X.



SKETCH OF PROOF:

Ak —Alloo <

(1+vard Ay) [|Ac—Alloc—0 => A =A
= Jk EN:[I-AA(t)] L€ £L(X) on (a,b] fork >k,
— (by Schwabik’s Proposition 2) — solutions x, x exist for all k > k.

Put ux =xc—Xx. Then u(a)=Xx —X and

Ui (1) — g (a /d[Akluk —/ d [Ac—AIX + (f (1) — F(1)) — (i (8)~f(a)) .

Kiguradze's Lemma = 3Jko>k; and r* € (0,00):

Julloo< (nuk(a)nx + (14 vad Ac) sup |uc(t) - u(@) —/atd[Ak]uk]X>

t€[a,b]

< (KX lx + (1+vard Ac) (2 12 flloe)) Tork > ko.

= U =30= X =X. g



Main Theorem could be extended to the case feG([a,b], X) if the following
convergence assertion was true:

Let A, A €BV([a,b], £(X))forkeN and
Jim (1+vard Ay) [|[Ac—Alj = 0. Then

/td[Ak]f :i/td[A]f =0 foreach feG([a,b],X).




Let a=0, b=1, X =R,

1 .
k:[k3/2]+17 Mk = Shm if me{0,1,...,nc},
2k 1 _
agk = *( 1), bok = K (—1)™—t,
2 Mk — —m+1 nm 3 il
am,k:T(—l)k = (DM i me (1,2, nc-1)

Ad(t) = if t €[00,
amit+bmk ift e [mmu, mmy1k] @and me{0,1,...,nc—1},
A(t) =0 for te[0,1].

Then
2 1
vad A< 24 20D 1o p o,
k k k
2ne—1\1 1 2 1
1+ vard A A —Alloo < [ 1 <4 =
(1 varh ) 1 = Al < (14 20 ) s 2 g
However, if (=1 (1)
~—— if te(2=",2=("=Y] for some neN
=4 gn e e &
0 if t=0,

then f is regulated, varé f=o00 and

[ amar=2 Z\F 2 [ o= (oo -a), @

where the right hand side evidently tends to oo for k — co.




Linear dynamic equations on time-scales

T CR is nonempty and closed, [a,b]r =[a,b]NT, &(t):=inf (t,b]NT).
Consider equation
t
L) Y =7+ [ [PO)Y(E)+h(s)] s, tefablr,
a

where P : [a,b]r— R"*" and h:[a,b]y — X" are rd-continuous in [a,b]y. Put

t t
A(t):/a P(5(s))d[5(s)] and f(t):/a h(&(s))d[5(s)] for te[a,b].

Lemma (Slavik)

@ If y:[a,b]r —R" isasolutionto (LD), then x =y o is a solution to

(GL) x(t):)7+/ald[A]x+f(t)ff(a), tefa,b].

@ If x isasolutionto (GL) and y = x|y, then y is a solution to (LD).




(LD) y(t):w/at [P(s)y(s) - h(s)] As. tefa bl

t
(LD YO =Fic+ [ [Pu(o)Y() +h(s)] As, teablr.
a
Theorem
ASSUME: P, Py:[a,b]y — X" h, hg:[a,b]r — R" for k € N are rd-continuous in [a,b]r,
Jim [ = Flzn =0,
— 00

lim sup H/{;(Pk(s)fP(s))AsH]Rnxn [1+ak] =0,

k— o0 te(a,b]p

lim  sup H/;(hk(s)—h(s))As’

k—o0 tefa, by

RNXN [l+ak} =0,

where
ag = Sup Hpk(t)”Rnxn7 keN.
t€fa,b]p

THEN : (LD) has a solution vy, (LDy) has a solution yy for each k € N and

Jimsup [y (8) = y(8)[an = 0.
—° tefa,b]r
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