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Preliminaries and motivation

−∞ < a < b < ∞

X is a Banach space, L(X ) are linear bounded operators on X ,

G([a, b], X ) is the Banach space of regulated functions f :[a, b]→X

with the norm f ∈ G([a, b], X ) → ‖f‖∞= sup
t∈[a,b]

|f (t)|X ,

(∆−f (a) =∆+f (b) = 0),

BV ([a, b], X ) =
{

f : [a, b] → X ; var b
a f < ∞

}
,

BV ([a, b], X )⊂G([a, b], X ).

x(t) = x̃ +

∫ t

a
d [A] x + f (t)− f (a) for t ∈ [a, b],

where

x̃ ∈X , A∈BV ([a, b],L(X )), f ∈G([a, b], X ) and x ∈G([a, b], X ).



x(t) = x̃ +

∫ t

a
d [A] x + f (t)− f (a), t ∈ [a, b],

includes a.o.

linear functional differential equations with linear impulses,

linear dynamical equations on time scales.



Kurzweil-Stieltjes Integral for Banach Space Valued Functions

Notation
G =

�
δ : [a, b]→ (0, 1)

	
are gauges on [a, b].

P=
�

P=(D, ξ), D={a=α0<α1< . . . <αm=b}, ξ=(ξ1, . . . , ξm)∈Rm, ξj∈[αj−1, αj ]
	

are tagged divisions of [a, b].

P =(D, ξ)∈P[a, b] is δ-fine if [αj−1, αj ] ⊂ (ξj − δ(ξj ), ξj + δ(ξj )) for all j .

For F : [a, b] → L(X), g : [a, b] → X , P = (D, ξ)∈P[a, b] we put

S(F , d g, P) =
mX

j=1

F (ξj ) [g(αj )− g(αj−1)], S(d F , g, P) =
mX

j=1

[F (αj−1)− F (αj )] g(ξj )

Definition

I =

Z b

a
F d [g] if for every ε > 0 there exists a δ ∈G[a, b] such that


S(F , d g, P)− I





X

< ε for all δ-fine tagged divisions P of [a, b]

J =

Z b

a
d [F ] g if for every ε > 0 there exists a δ ∈G[a, b] such that


S(d F , g, P)− J





X

< ε for all δ-fine tagged divisions P of [a, b]



Basic properties of KS-integral in a Banach space were established by ŠTEFAN SCHWABIK

(See also the monograph by CHAIM HÖNIG working with Dushnik integral.)

KS-integral is linear and is an additive function of interval

(RS)
R b

ad [F ]g exists =⇒
R b

ad [F ]g exists and (RS)
R b

ad [F ]g=
R b

ad [F ]g.

F ∈G([a, b],L(X)), g ∈BV ([a, b], X) =⇒
R b

a F d [g] exists.

F ∈BV ([a, b],L(X)), g ∈G([a, b], X) =⇒
R b

a d [F ] g exists.

F ∈G([a, b],L(X)) and g is a finite step function =⇒
R b

a d [F ] g exists.R b
a d[F ] g exists =⇒


 R b

a d [F (s)] g(s)





X
≤
R b

a d [ vars
a F ] g(s)≤ (var b

a F ) ‖g‖∞ .

F ∈G([a, b],L(X)), g ∈BV ([a, b], X),
R b

a d [F ] g exists =⇒

‖S(d F , g, P)‖X ≤ 2 ‖F‖∞‖g‖BV for all P ∈P[a, b]
and 


 R b

a d [F ] g





X
≤ 2 ‖F‖∞ ‖g‖BV .



Proposition 1 (Existence Theorem)

F ∈G([a, b],L(X )), g ∈BV ([a, b], X ) =⇒
∫ b

a
d [F ] g exists,

F ∈BV ([a, b],L(X )), g ∈G([a, b], X ) =⇒
∫ b

a
F d [g] exists.

Proposition 2 (Main Convergence Theorem)

ASSUME:

g, gk ∈G([a, b], X ), F , Fk ∈BV ([a, b], X ) for k ∈N,

gk ⇒ g, Fk ⇒ F ,

α∗ := sup{var b
a Fk ; k ∈ N} < ∞.

THEN: lim
k→∞

∥∥∥∫ t

a
d [Fk ] gk −

∫ t

a
d [F ] g

∥∥∥
X

= 0 for t ∈ [a, b].



Generalized Linear Differential Equations

(GL) x(t) = x̃ +

∫ t

a
d [A(s)] x(s) + f (t)− f (a) , t ∈ [a, b] .

Proposition 3 [Schwabik, Mathematica Bohemica 1999 and 2000]

ASSUME:

A∈BV ([a, b],L(X )), f ∈G([a, b], X ),

[I−∆−A(t)]−1 ∈ L(X ) for t ∈ (a, b].

THEN:

(GL) has a unique solution x ∈G([a, b], X ) on [a, b]

for each x̃ ∈X , f ∈G([a, b], X ),

x − f ∈BV ([a, b], X ).



Gronwall Lemma

ASSUME: u, p : [a, b]→ [0,∞) are continuous, K , L≥ 0 and

u(t) ≤ K + L
Z t

a

�
p u
�

d s for t ∈ [a, b].

THEN : u(t) ≤ K exp
�
L
Z t

a
p d s

�
for t ∈ [a, b].

Generalized Gronwall Lemma (Schwabik)

ASSUME:

u : [a, b]→ [0,∞) is bounded on [a, b], K , L≥ 0,

h : [a, b]→ [0,∞) is nondecreasing and left-continuos on (a, b ],

u(t) ≤ K + L
Z t

a
d [h] u for t ∈ [a, b].

THEN : u(t) ≤ K exp
�
L [h(t)− h(a)]

�
for t ∈ [a, b].

Corollary of the Generalized Gronwall Lemma

ASSUME: A∈BV ([a, b],L(X)), f ∈G([a, b], X),
�
I−∆−A(t)

�−1 ∈L(X) for t ∈ (a, b ] and

cA = sup{‖[I−∆−A(t)]−1‖L(X) : t ∈ (a, b]}.

THEN : 0 < cA <∞ and ‖x(t)‖X ≤ cA

�
‖ex‖X + 2 ‖f‖∞

�
exp(var t

a A) on [a, b]

holds for each solution x ∈G([a, b], X) of the equation

x(t) = ex +

Z t

a
d A x + f (t)− f (a) , t ∈ [a, b] .



Uniformly bounded variation

xk (t) = x̃k +

∫ t

a
d [Ak ] x + fk (t)− fk (a), t ∈ [a, b].

x(t) = x̃ +

∫ t

a
d [A] x + f (t)− f (a), t ∈ [a, b].

THEOREM 1
ASSUME: Ak , A∈BV ([a, b],L(X )), fk , f ∈G([a, b], X ), x̃k , x̃ ∈X for k ∈N,[

I−∆−A(t)
]−1 ∈L(X ) for t ∈ (a, b],

Ak ⇒ A on [a, b], α∗ := sup{var b
a Ak : k ∈ N} < ∞,

x̃k → x̃ , fk ⇒ f on [a, b].

THEN: xk ⇒ x on [a, b].



SKETCH OF PROOF: WE ASSUME:

Ak , A∈BV ([a, b],L(X)), fk , f ∈G([a, b], X), exk , ex ∈X for k ∈N,

Ak , k ∈N, are left-continuous in (a, b],

Ak ⇒ A on [a, b], α∗ := sup{var b
a Ak : k ∈ N} < ∞,exk → ex , fk ⇒ f on [a, b].

PUT wk = (xk−fk )− (x−f ) .

THEN

wk (t) = ewk +

Z t

a
d [Ak (s)] wk (s) + hk (t)− hk (a) for k ∈N and t ∈ [a, b],

where

ewk =(exk−fk (a))− (ex−f (a)) → 0, hk (t)=

Z t

a
d [Ak−A](x−f )+

�Z t

a
d [Ak ] fk−

Z t

a
d [A] f

�
,

lim
k→∞




Z t

a
d [Ak ] fk−

Z t

a
d [A] f





X

= 0 for t ∈ [a, b] (by Main Convergence Theorem),




Z t

a
d [Ak−A](x−f )





X
≤ 2 ‖Ak−A‖∞ ‖x−f‖BV on [a, b] (since (x−f )∈BV ([a, b], X)),

TO SUMMARIZE: lim
k→∞

‖hk‖∞ = 0, lim
k→∞

ewk = 0.



SKETCH OF PROOF: WE ASSUME:

Ak , A∈BV ([a, b],L(X)), fk , f ∈G([a, b], X), exk , ex ∈X for k ∈N,

Ak , k ∈N, are left-continuous in (a, b],

Ak ⇒ A on [a, b], α∗ := sup{var b
a Ak : k ∈ N} < ∞,exk → ex , fk ⇒ f on [a, b].

WE HAVE: wk = (xk−fk )− (x−f ),

wk (t) = ewk +

Z t

a
d [Ak (s)] wk (s) + hk (t)− hk (a) for k ∈N and t ∈ [a, b] ,

lim
k→∞

‖hk‖∞ = 0, lim
k→∞

ewk = 0

and by Corollary of the Generalized Gronwall Inequality

‖wk (t)‖X ≤
�
‖ewk‖X + 2‖hk‖∞

�
exp (var t

a Ak ) on [a, b] =⇒ wk ⇒ 0 =⇒ xk ⇒ x . �
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�
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�
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Variations bounded with a weight

x ′k = Pk (t) xk , xk (a) = ex ,

x ′ = P(t) x , x(a) = ex .

Kurzweil & Vorel [Czechoslovak Mathematical Journal, 1957]

ASSUME:

‖Pk‖1 ≤ p∗ < ∞ for k ∈N,Z t

a
Pk d s ⇒

Z t

a
P d s.

THEN: xk ⇒ x on [a, b].

Opial [Journal of Differential Equations, 1967]

ASSUME:�
1 + ‖Pk‖1

�


Z t

a
Pk d s −

Z t

a
P d s





∞

⇒ 0.

THEN: xk ⇒ x on [a, b].



(Eqk ) xk (t) = x̃k +

∫ t

a
d [Ak ] xk (s), t ∈ [a, b],

(Eq) x(t) = x̃ +

∫ t

a
d [A] x(s), t ∈ [a, b].

Proposition
ASSUME: Ak ∈ BV ([a, b],L(X )), x̃k ∈X for k ∈N,

A∈BV ([a, b],L(X ), x̃ ∈X ,[
I−∆−A(t)]−1 ∈L(X ) for t ∈ (a, b],

lim
k→∞

(
1 + varb

a Ak
)
‖Ak −A‖∞ = 0.

THEN :

(Eq) has a unique solution x ∈BV ([a, b], X ),

(Eqk ) has a unique solution xk ∈BV ([a, b], X ) for k ∈N large enough,

xk ⇒ x .



Lemma (Kiguradze)

ASSUME:

A, Ak ∈ BV ([a, b],L(X )) for k ∈N, ,

[I−∆−A(t)]−1 ∈L(X ) for t ∈ (a, b] ,

lim
k→∞

(
1 + varb

a Ak
)
‖Ak −A‖∞ = 0 .

THEN: there are r∗> 0 a k0 ∈N such that

‖y‖∞ ≤ r∗
(
‖y(a)‖X +

(
1+ varb

a Ak
)

sup
t ∈ [a,b]

∥∥∥y(t)−y(a)−
∫ t

a
d [Ak ] y

∥∥∥
X

)
for all y ∈G([a, b], X ) and k ≥ k0 .



SKETCH OF PROOF: ASSUME: for each n∈N there are kn ∈N and yn ∈G([a, b], X) such that

‖yn‖∞ > n

 
‖yn(a)‖X +

�
1+ varb

a Akn

�
sup

t∈[a,b]




yn(t)−yn(a)−
Z t

a
d [Akn ] yn





X

!
.



Assume that for each n∈N there are kn ∈N and yn ∈G([a, b], X) such that

1

n
>
‖yn(a)‖X

‖yn‖∞
+
�
1+ varb

a Ak
�

sup
t ∈ [a,b]




 yn(t)

‖yn‖∞
−

yn(a)

‖yn‖∞
−
Z t

a
d [Akn ]

yn

‖yn‖∞





X



Assume that for each n∈N there are kn ∈N and yn ∈G([a, b], X) such that

1
n > ‖un(a)‖X +

�
1+ varb

a Ak
�

supt ∈ [a,b]




un(t)−un(a)−
Z t

a
d [Akn ] un





X

where un(t) = yn(t)
‖yn‖∞

for t ∈ [a, b] and n∈N .

9>>=>>; =⇒ ‖un(a)‖X → 0 .

Put vn(t)= un(t)− un(a)−
Z t

a
d [Akn ] un. Then

‖vn‖∞<
1

n (1+ varb
a Akn )

≤
1

n
for n∈N =⇒ vn ⇒ 0 ;

zn := un − vn ∈BV , zn(a)= un(a), ‖zn‖BV ≤ 1+ varb
a Akn and

zn(t)= zn(a)+

Z t

a
d [A] zn + hn(t), hn(t)=

Z t

a
d [Akn−A] zn +

Z t

a
d [Akn ] vn for t ∈ [a, b] ;




Z t

a
d [Akn −A] zn





X
≤ 2 ‖Akn−A‖∞ ‖zn‖BV ≤ 2 ‖Akn−A‖∞

�
1 + varb

a Akn

�
,


Z t

a
d Akn vn





∞
≤
�

varb
a Akn

�
‖vn‖X ≤

1

n

varb
a Akn

(1 + varb
a Akn )

≤
1

n

9>>>=>>>; =⇒ ‖hn‖∞→0 .

Hence, by the generalized Gronwall inequality

lim
n→∞

‖zn‖∞≤ lim
n→∞

cA
�
‖zn(a)‖X + 2 ‖hn‖∞

�
≤ exp

�
cA varb

a A
�
= 0 .



Assume that for each n∈N there are kn ∈N and yn ∈G([a, b], X) such that

1
n > ‖un(a)‖X +

�
1+ varb

a Ak
�

supt ∈ [a,b]




un(t)−un(a)−
Z t

a
d [Akn ] un





X

where un(t) = yn(t)
‖yn‖∞

for t ∈ [a, b] and n∈N .

9>>=>>; =⇒ ‖un(a)‖X → 0 .

Put vn(t)= un(t)− un(a)−
Z t

a
d [An] un. Then

‖vn‖∞<
1

n (1+ varb
a Akn )

≤
1

n
for n∈N =⇒ vn ⇒ 0 ;

zn := un − vn ⇒ 0

=⇒ un ⇒ 0.

BUT: ‖un‖∞= 1 for all n∈N - CONTRADICTION!!! �
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�
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�
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a
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X
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a
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≤
1

n
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�
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1
n > ‖un(a)‖X +

�
1+ varb

a Ak
�
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a
d [Akn ] un





X
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‖yn‖∞

for t ∈ [a, b] and n∈N .

9>>=>>; =⇒ ‖un(a)‖X → 0 .

Put vn(t)= un(t)− un(a)−
Z t

a
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Main result

xk (t) = exk +

Z t

a
d [Ak ] xk (s) + fk (t)− fk (a), t ∈ [a, b], k ∈N ,

x(t) = ex +

Z t

a
d [A] x(s) + f (t)− f (a), t ∈ [a, b] ,

Theorem 3
ASSUME: Ak , A∈BV ([a, b],L(X)), f ∈BV ([a, b], X), fk ∈G([a, b], X), exk , ex ∈X for k ∈N.

[I−∆−A(t)]−1 ∈L(X) for t ∈ (a, b],exk → ex ,

lim
k→∞

�
1 + varb

a Ak

�
‖Ak −A‖∞ = 0,

lim
k→∞

�
1 + varb

a Ak

�
‖fk − f‖∞ = 0.

THEN: xk ⇒ x on [a, b].

Proof relies on
Lemma (Kiguradze)

‖y‖∞≤ r∗
 
‖y(a)‖X +

�
1+ varb

a Ak
�

sup
t ∈ [a,b]




y(t)− y(a)−
Z t

a
d [Ak ] y





X

!
for all y ∈G([a, b], X) and k ∈N large enough.
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�
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a Ak

�
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�
1 + varb

a Ak

�
‖fk − f‖∞ = 0.

THEN: xk ⇒ x on [a, b].
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Lemma (Kiguradze)

‖y‖∞≤ r∗
 
‖y(a)‖X +

�
1+ varb

a Ak
�

sup
t ∈ [a,b]




y(t)− y(a)−
Z t

a
d [Ak ] y





X

!
for all y ∈G([a, b], X) and k ∈N large enough.



SKETCH OF PROOF:

‖Ak−A‖∞ ≤
�
1+ varb

a Ak
�
‖Ak−A‖∞→0 =⇒ Ak ⇒ A

=⇒ ∃ k1 ∈N : [I−∆−Ak (t)]−1 ∈L(X) on (a, b] for k ≥ k1

=⇒ (by Schwabik’s Proposition 2) =⇒ solutions xk , x exist for all k ≥ k0.

Put uk = xk−x . Then uk (a) = exk − ex and

uk (t)− uk (a)−
Z t

a
d[Ak ] uk =

Z t

a
d [Ak−A] x + (fk (t)− f (t))− (fk (a)−f (a)) .

Kiguradze’s Lemma =⇒ ∃ k0 ≥ k1 and r∗ ∈ (0,∞) :

‖uk‖∞≤ r∗
 
‖uk (a)‖X +

�
1+ varb

a Ak

�
sup

t ∈ [a,b]




uk (t)− uk (a)−
Z t

a
d [Ak ] uk





X

!

≤ r∗
�
‖exk−ex‖X +

�
1+ varb

a Ak

��
2 ‖Ak−A‖∞ ‖x‖BV + 2 ‖fk−f‖∞

��
for k ≥ k0.

=⇒ uk ⇒ 0 =⇒ xk ⇒ x . �
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Main Theorem could be extended to the case f∈G([a, b], X ) if the following
convergence assertion was true:

Let A, Ak ∈BV ([a, b],L(X )) for k ∈N and
lim

k→∞

(
1+ varb

a Ak
)
‖Ak−A‖∞ = 0. Then

∫ t

a
d [Ak ] f ⇒

∫ t

a
d [A] f = 0 for each f ∈G([a, b], X ) .



Let a = 0, b = 1, X =R,

nk = [k 3/2] + 1, τm,k =
1

2 nk−m
if m∈{0, 1, . . . , nk} ,

a0,k =
2 nk

k
(−1) nk , b0,k =

1

k
(−1) nk−1,

am,k =
2 nk−m+1

k
(−1) nk−m, bm,k =

3

k
(−1) nk−m+1 if m∈{1, 2, . . . , nk−1}

Ak (t) =

(
0 if t ∈ [0, τ0,k ] ,

am,k t + bm,k if t ∈ [τm,k , τm+1,k ] and m∈{0, 1, . . . , nk−1} ,

A(t) = 0 for t ∈ [0, 1] .

Then

var1
0 Ak ≤

1

k
+

2 (nk−1)

k
≤

1

k
+ 2

√
k < ∞ ,�

1 + var1
0 Ak

�
‖Ak −A‖∞ ≤

�
1 +

2 nk−1

k

�
1

k
≤

1

k
+

2
√

k
+

1

k2

However, if

f (t) =

8<:
(−1)n

4
√

n
if t ∈ (2−n, 2−(n−1)] for some n∈N,

0 if t = 0 ,
(1)

then f is regulated, var1
0 f =∞ andZ 1

0
d[Ak ] f ≥

2

k

nk−1X
m=1

1
4
√

m
>

2

k

Z nk

1

1
4√t

d t =
8

3 k

�
4
q

(nk )3 − 1
�
, (2)

where the right hand side evidently tends to ∞ for k →∞.



Linear dynamic equations on time-scales

T ⊂R is nonempty and closed, [a, b]T = [a, b] ∩ T, eσ(t) := inf
�
[t , b]∩T

�
.

Consider equation

(LD) y(t) = ey +

Z t

a

�
P(s) y(s)+ h(s)

�
∆s , t ∈ [a, b]T ,

where P : [a, b]T→Rn×n and h : [a, b]T → X n are rd-continuous in [a, b]T . Put

A(t) =

Z t

a
P(eσ(s)) d [eσ(s)] and f (t) =

Z t

a
h(eσ(s)) d [eσ(s)] for t ∈ [a, b] .

Lemma (Slavík)

If y : [a, b]T →Rn is a solution to (LD), then x = y ◦ eσ is a solution to

(GL) x(t) = ey +

Z t

a
d [A] x + f (t)− f (a) , t ∈ [a, b] .

If x is a solution to (GL) and y = x |T , then y is a solution to (LD).



(LD) y(t) = ey +

Z t

a

�
P(s) y(s)+ h(s)

�
∆s , t ∈ [a, b]T ,

(LDk ) y(t) = eyk +

Z t

a

�
Pk (s) y(s)+ hk (s)

�
∆s , t ∈ [a, b]T .

Theorem
ASSUME: P, Pk : [a, b]T → X n×n, h, hk : [a, b]T →Rn for k ∈N are rd-continuous in [a, b]T ,

lim
k→∞

‖eyk − ey‖Rn = 0 ,

lim
k→∞

sup
t∈[a,b]T




 Z t

a
(Pk (s)− P(s))∆s





Rn×n

�
1 + αk

�
= 0 ,

lim
k→∞

sup
t∈[a,b]T




 Z t

a
(hk (s)− h(s))∆s





Rn×n

�
1 + αk

�
= 0 ,

where
αk = sup

t∈[a,b]T

‖Pk (t)‖Rn×n , k ∈N .

THEN : (LD) has a solution y , (LDk ) has a solution yk for each k ∈N and

lim
k→∞

sup
t∈[a,b]T

‖yk (t)− y(t)‖Rn = 0 .
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