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We consider the system of differential equations

vi = aipi(t)piri(yiv1)  (i=1,n)}, (1)

where a; € {-1,1} (i=1,n), p; : [a,w[—]0, 400 (i =1,n) are
continuous functions, —oco0 < a < w < 400,

o A(YP) =]0; +oo[ (i =1, n), are once or twice continuously
differentiable functions,

Y? (i € {1,...,n}) equals either 0, or 00, A(Y?) (i € {1,...,n})

is one-sided neighborhood of Y?.

"Here and in the following, all functions and parametres with subscript n + 1
are assumed to coincide with those with subscript 1.

Elena Vladova and Oleg Shlyepakov Odessa I.I. Mechnikov National University, Ukraine

Asymptotic Representations of Solutions of Essentially Nonlinear Cyclic Systems of Ordinary Differential Equations



Definition 1. A positive measurable function ¢;(z) defined on
A(Y?P) is called regularly varying at Y? of index o; if, for each A > 0

1 1
and some o; € R,

lim i”f?zz)) =\ (i=T,n). (2)
zeA(YI.O)

The real number o; is called the index of regular variation.

Definition 2. Regularly varying function 6;(z) with index of regular
variation equaled to 0 is called slowly varying at Y?.

Consequently, if p;(z) is regularly varying of index o; it can be
represented in the form

vi(z) =270 (z)  (i=1n) (3)
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Definition 3. A positive measurable function ¢;(z) defined on
A(Y?) is called rapidly varying at Y? if, for each A > 0,

1 1

iy 202 e (= 1), 4)
z—=Y} SOI(Z)
ZGA(YI.O)
where p = 400, or p = —00.
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For each i € {1,...,n} ¢(z) satisfies one of the following limit-relations:
- for slowly varying functions:

z¢i(2)

lim i =0, 5
=0 pi(z) - (5)
zeA(YD)
- for regularly varying functions:
/! /
. , . 1
lim PLZPRE) (Z)‘P'(,f) iA1= lim 228 £0,
=0 [h(2)] =0 pi(2) 1—~;
ea(v?) zen(v?)

-for rapidly varying functions:

g, ERER =1 5 TR O

zeA(Y?) zeA(Y?)

Oi(2) 0 pi(z) = DY € {0,400} when z = Y2, z e A(YP).
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vi(z) (i =1, n) are slowly and regularly varying.
Definition 4. Solution (y;)?_; of the system (1) is called
Puw(M1, - .., Ny)-solution, if it is defined on the interval [to, w[C [a,w][
and satisties following conditions

vi(t) € A(Y?)  while t € [to,u], IiTmy,-(t) =Y?,
tTw

O (E) = A where \s _YI(t)y,‘/Jrl(t) =17
ImAe) =i, where i(8) = Dy U= B0
12[)\;(1”):1

i=1

].) N, ..., Ay € R\{O} and H?:l Ni=1,

2) among A1, ..., A, there are some equal to 0, and, therefore, equal
to +oo.
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General case: A\, ..., A, € R\{0}.
ﬁ/\;:l f[a,-7é1

J={ie{l,....,n} : 1 —Noi1 #0}, 3={1,...,n}\J, I =min3J.

1, as Y? = +4oo, or Y? =0 and A(Y?) is right neighborhood of 0,

i =
—1, as Y? = —o0, or Y? =0u A(Y?) is left neighborhood of 0,
t 1 7Ay It 3 .f [ j,
[ pi(t)dr forie 3, it e
A
i 8 o
hi(t) = Bi = =, ifie{l+1,..,n}\7,

¢ ) M
[ h(D)pi(t)dT  fori €],
A ' BITI Aes i i€ {1, 1 — 11T,

where limits of integration A; € {w, a} are chosen in such a way that corresponding integral /;
aims either to zero, or to oo as t T w.

. _ 1L, ifA=a . _
Af*{fl, fA=w (=Leoon
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Theorem 1.

Let A e R\ {0} (i=1,n)and = minJ. Then for the existence of P.,(A1,...,A,) -
solutions of (1) it is necessary and, if algebraic equation

I (ITn+) T (#ITn) o 0

i=1 i=1

does not have roots with zero real part, it is also sufficient that for each i € {1,...,n}
lim Bi(8) 14 (t) _ p B
o I/ () (t) B

and following conditions are satisfied
AfBi>0 if YP=+4o00, ABi<O0 if Y’=0,

sign [ A7 Bi] = i
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Moreover, components of each solution of that type admit following asymptotic
representation when t 1 w

yi(t)
wit1(yira(t))

yi(t) li(t) P
(D) aifi I/(t)[l +o(1)], if ied,
and there exists the whole k- parametric family of these solutions if there are k positive
roots (including multiple roots) among the solutions of (9) with signs of real parts different
from those of the number Aj (3.

= aifili(t)[L +o(1)], if i€7T,
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Remark 1.

Algebraic equation (9) obviously does not have roots with zero real
part, if [[_; |oi| < 1.
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Definition 5. We define that function 0y (k € {1,...,n}) satisfies
the condition S, if for any continuously differentiable function
I A(Y?) —]0, o0 with the property

/
im 213
Z*)YE /(Z)
zeA(YD)

the function 6, admits the asymptotic representation

0c(2l(2) =0(2)[1+0(1)] as z— Y2 (zeA(YD)) (1.9
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Theorem 2.

Let A e R\ {0} (i=1,n) and = minJ. Moreover, let all functions 0y (k =1, n) satisfy
S-condition. Then each P, (A1, ..., Ay)-solution (if it exists) of the system (1) admits for
t T w asymptotic representations

n 1 | P -
yi(t) = i [T | Qu(0)0n (u |/k+1<r)|5m) L+o(1)] (i=Tn)
k=1
where
n k
Jj=i+1 Ujjl;Il % . 1
aBil(t), ifkeq, ——— ifk=1,i—1,
( ) 17/‘1—[10'1
Q(t) = Pik = -
I(t) . = .
« , ifke7, I o -
kB I(t)’ = ifk=1in
1—.]_[ oj
j=1
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Special case: A, ¢ R (i=1,n—1) and A, = +c0.

J={ie{l,...,n—=1} : 1—Noj;1 #0}, T={1,...,n—1}\3, m=max{i € J: A; = 0}.

t
Afp,-(T) dr if ied, aiBili(t) npn €7,
Ii(t) = : _ Qi(t) = o Bl (t) .=
II;+1(T)p;(T) dr if €7, W npu i€ 7.
1—Aioita, if i€, -t
Bi = _ M; = H/\,- (G=m+1,n—1).
Bir1i, if ie7J,
K
ITo;

1 1l
t)0k11 <Hk+1\’k+1(f)| Pier1 ) =

a(t) =01 (sl 7 ) 10, (1 H

k=
I = /pn(T)q(‘r)dT, Qu(t) = anBaln(t),  Ba=1—]] o
k=1

where limits of integration A; € {w, a} are chosen in such a way that corresponding integral /,

aims either to zero, or to oo as t 1T w.
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Theorem 3.

Let Ay e R (i =1,n—1) include those equal zero, and n — 1 € J. Let also functions
Ok (k =1,n— 1) satisfy S - condition. Then for the existence of P,(A1,...,\,) - solutions
of (1)it is necessary and, if algebraic equation

n—1 ﬁ n—1
@+N) J] M+ = I <ZH (M; + ) HM) (10)

does not have roots with zero real part, it is also sufficient that

I'(t) :,+1(t) _ _ﬁiﬂ i=1n—=1
e M (5

and for each i € {1, ..., n} following conditions be satisfied

ABi>0 if Y)=400, AlBi<0 if Y’=0,
sign [ A7 Bi] = pie
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Moreover, components of each solution of that type admit following asymptotic
representation when t 1 w

S0 i=Tn-1
O —o+o] (=T,

II o;
[en(yn(t))] =
and there exists the whole k- parametric family of these solutions if there are k positive
numbers among

o o)+ o)),

BiA} i g\{m+1....,nfl},
BiAT Afy lf/ eI\{m+1,...,n—1},
’7"7 n
A,*,(HUJ-l)Re)\?_m if i€e{m+1,...,n}
j=1

where \? (j = 1,n — m) are roots of the algebraic equation (10) (along with multiple).
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Theorem 4.

Let Ai e R (i =1,n—1) include those equal zero, and n — 1 € J. Moreover, let all
functions Oi (k = 1, n) satisfy S-condition. Then each P.,(M1, ..., N\,)-solution (if it exists)
of the system (1) admits for t T w asymptotic representations

Kk
I oj
j=it1

yi(t) = i | TIZ}

_1
Qk(t)9k+1 (Hk+1 |Ik+1(t)| Bi+1 )
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vi(z) (i =1, n) are rapidly and regularly varying.
Definition 6.Solution (y;)f_, of the system (1), defined on the
interval [to, w[C [a,w], is called P (A1, ..., \,)-solution
(A1,...,Ap € R\ {0}), if functions u;j(t) = ¢(yi(t)) satisfy the
following conditions:

lim u;(t) = ¢?

tTw

— A (i=T,n)

From the definition of P, (A1, ..., A,)-solution follows:

HL,-:l.

i=1
We have at least one rapidly varying function, therefore:
n
[[a-m=0#1
i=1
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J={ie{l,....n} : 1-Nj—v; #0}, T={1,..,n}\J, I =min7,

t

[ pi(T)dr if i €7,
() =9 % )
J h(m)pi(r)dr ifieT,
Aj
1—A;—’y;, ifieﬂ,
8 = Hf{/\k, ific{l+1,...,n\7,
=/

BT Ak, ifie{1,...,1—11\7,

where limits of integration A; € {w, a} are chosen in such a way that
corresponding integral /; aims either to zero, or to co when t 1 w.

x 1, ifA,-:a, .
Ai_{l, A = w (i=1,...,n).
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Theorem 5.

Let A e R\ {0} (i=1,n)and = minJ. Then for the existence of P.,(A1,...,A,) -
solutions of (1) it is necessary and, if algebraic equation

n n

H<(1—7,)HAJ+V>—HHA,-_0 (11)

i=1 i=1 j=1
does not have roots with zero real part, it is also sufficient that for each i € {1,...,n}
li(t I t i
i HOs(6) )
ttw li (t)l,‘+1(t) Bi

and following conditions are satisfied
ABi>0 when &)=+4oco0, ABi<0 when =0,

sign [ AT Bi] = signyi(z2).
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Moreover, components of each solution of that type admit following asymptotic
representation when t 1 w

wi(yi(t)) o
= a;ifBili(t)[L + o(1)], if €7,
A0l - OHORT o)
eiyi(t)) li(t) P
,[7’, +o(1)], if ie7,
70 R O RO L
and there exists the whole k- parametric family of these solutions if there are k positive
roots (including multiple roots) among the solutions of (11), with signs of real parts
different from those of the number Aj (3.
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Theorem 6.

Let A e R\ {0} (i=1,n)and = minJ. Moreover, let all functions

0x(2) = i (¢; *(2)) |27 (k =1, n) satisfy S-condition. Then each

Puo(Mi, ..., \p)-solution (if it exists) of the system (1) admits for t T w asymptotic
representations

1

wi (yi(1) = H Qe (11" 11+ o] (1=T) (12)

where
()zkﬁklk(t‘)7 if k& j,

Q) = I(t) =
kB //(t)7 if ke,
—'11:[1 (1—”yj) if k=1,i—1,
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Remark 2.

Note that if for some i € {1,...,n} v;i_1 = 1, then d; = 0, when
k #i—1and 6; 1 = —1. Therefore, asymptotic representations
(12) can be written in the form:

-1

(Pi(yi(t)):’Qi—l(t)ei—l (\/,-_1(t)!f3f1—1> [1+0(1)] whenttw.
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Application of the results.

ul™ = agp(t)po(u), (13)
u" = aop(t)po(u)p1(u’), (14)

where ag € {—1,1}, p: [a,w[—]0, 4o0[ is continuous function,
©o : A(UQ) —]0; +00[ is once or twice continuously differentiable
function which satisfies condition (5), or (6), or (7),

@11 A(U?) —]0; +-00] is continuously differentiable function which
satisfies condition (5) or (6),

U? (i € {0,1}) equals either 0, or oo, A(U?) (i € {0,1}) is
one-sided neighborhood of U?.
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Definition 7. (o is slowly or regularly varying) Solution u of the
equation (13) or (14) is called P%(\o)-solution (Ao € R|J{£o0}), if
it is defined on the interval [ty,w[C [a,w| and satisfies following
conditions

IiTm u(t) = UQ, IiTm uf(t) = U € {0, 00} (k=1,...,n—1),

tTw tTw

(n—1) 2
fim L OF

ttw u(M(t)u(n=2)(t)

Definition 8. (¢ is rapidly varying) Solution u of the equation
(13) or (14) is called PS°(Xo)-solution (Ao € R\ {0}), if it is defined
on the interval [ty, w[C [a,w][ and satisfies following conditions

lim p(u(t)) = ®°, im u(t) = U € {0,400} (k=1,...,n—1)
tTw tTw

ipo(u() W) o ()
e gp(u(®) [ (O~ ™ tte u( (t)u(n—2)(t)
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