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In a finite interval ]a, b, we consider the nonlinear differential equation

u’ = f(t,u) (1)
with the nonlinear nonlocal boundary conditions of one of the following three types:
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/ hi(u(s)) dy(s), u(b) = / ha(u(s)) dls(w); 2)
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/hl(u(s)) dli(s), wu(b) = /hg(u(s))dﬁo(u); (3)
ab ab
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Here, f :]a, [ 10, +00[ — R_ is a measurable in the first and continuous in the second argument
function, h; : Ry — R4 (i = 1,2) are continuous functions, R_ =] — 00,0], Ry = [0, +ool,
a < by <b, and l; 2 [a,b] - Ry (2 = 1,2) and £y : [a,bo] — R4+ are nondecreasing functions such
that

6;(b) — ti(a) =1 (i =1,2), Lo(bo) — Lo(a) =

Let C([a,b]; R) be the space of continuous functions u : [a,b] — R and let Clloc(]a, b[;R) be the
space of continuously differentiable functions u :]a,b[— R whose first derivatives are absolutely
continuous on [a 4 €, b — ] for arbitrarily small £ > 0.

A function u € C([a,b];R)N Clloc(]a, b[;R) is said to be a positive solution of the equation (1)
if
u(t) >0 for a <t <b

and
u”(t) = f(t,u(t)) for almost all t €]a,b|.

A positive solution u of the equation (1) is said to be a positive solution of the problem
(1), (k), where k € {2,3}, (of the problem (1), (4)) if it satisfies the equalities (k) (has a finite
limit «/(b) = lirré u'(t) and satisfies the equalities (4)).

t—

The theorems below on the existence of a positive solution of the problems (1), (k) (k = 2,3,4)
deal with the cases where the function f in the domain |a, b[ x ]0, +00[ satisfies the mequahty

_pl(t7$) —pg(t,x)(l + .CU) < f(t,l’) < _pO(ta l‘), (5)
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where p; :]a,b[ x]0,4+00[— R4 (i = 0,1,2) are measurable in the first and nonincreasing in the
second argument functions, and the functions h; (i = 1,2) satisfy one of the following three condi-

tions:

lim sup hi@) (i=1,2),
s

T—+00
h
lim sup 1(#) <r<l1, ha(z) <z for z € Ry,
T—+00 X
h h
lim sup 1) + (b—a) limsup 2(2) <r<l.
T—~400 X T—>+00 iy

We are mainly interested in the case

lim p;(t,x) = 400 for t €I (i=0,1,2),
z—0

where I C [a,b] is a set of positive measure. In this case,

lim f(t,z) = —o0 for t €I,
z—0

i.e. the equation (1) is singular in the phase variable.
The following theorems are valid.

Theorem 1. If along with (5) and (6) the conditions

b
0</(t—a)(b—t)pi(t,x)dt<+oo Jor >0 (i=0,1),

b
lim [ (t—a)(b—1t)pa(t,z)dt < (1 —1)(b—a)

r—r—+00
a

are fulfilled, then the problem (1), (2) has at least one positive solution.
Theorem 2. If along with (5), (7) and (9) the condition
b
lim [ (t—a)(b—t)pa(t,z)dt < (1 —1)(b—bp)

T—+00
a

holds, then the problem (1), (3) has at least one positive solution.

Theorem 3. If along with (5) and (8) the conditions

b
O</(t—a)pi(t,x)dt<+oo for x>0 (i=0,1),

b
lim [ (t—a)pa(t,z)dt < (1 —71)(b—a)

T—+00
a

are fulfilled, then the problem (1), (4) has at least one positive solution.
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Note that if the conditions of Theorem 1 or 2 (of Theorem 3) are fulfilled but

b
/pi(t,x) dt = +oo for x>0 (i =0,1),
a
then the equation (1) has a nonintegrable singularity in the time variable at the point t = a or

t =b (at the point ¢t = a).
As an example, we consider the differential equation

Gk (u) qo(u)
where
0<X <1 (k=1,...,n),
fr :la,b[— Ry (E = 0,1,...,n) are measurable functions, and ¢ :]0,+o0[—]0,+00] (k =
0,1,...,n) are continuous, nondecreasing functions such that

lim gx(z) =0 (k=0,1,...,n).

z—0
Theorems 1-3 result in the following corollaries.
Corollary 1. If

b

b
0</(t—a)(b—t)f0(t)dt<+oo, /(t—a)(b—t)fk(t)dt<+oo (k=1,...,n), (11)

a

hi .
lim sup (z) <1 (1=1,2),
x

T——+00
and
lim gg(z) =400 (k=1,...,n), (12)

T—r+00

then the problem (10), (2) has at least one positive solution.

Corollary 2. If along with (11) and (12) the condition

lim L(x)<l, ho(x) <z for x>0
Tr—400 €T

holds, then the problem (10), (3) has at least one positive solution.
Corollary 3. If

b

b
0</(t—a)f0(t)dt<+oo, /(t—a)fk(t)dt<—|—oo (h=1,....n),

lim sup () + (b — a) lim sup fa(2)

T—+00 € T—+00 x

<1,
and the condition (12) is fulfilled, then the problem (10),(4) has at least one positive solution.
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